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Abstract 

We introduce the notion of relative entropy for the weak solutions to the compressible Navier- 
Stokes system. In particular, we show that any finite energy weak solution satisfies a relative entropy 
inequality with respect to any couple of smooth functions satisfying relevant boundary conditions. 
As a corollary, we establish the weak-strong uniqueness property in the class of finite energy weak 
solutions, extending thus the classical result of Prodi and Serrin to the class of compressible fluid 
flows. 

1 Introduction 

The method of relative entropy has been successfully applied to partial differential equations of different 
types. Relative entropies are non-negative quantities that provide a kind of distance between two solutions 
of the same problem, one of which typically enjoys some extra regularity properties. Carillo et al. PQ 
exploited entropy dissipation, expressed by means of the relative entropy with respect to a stationary 
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solution, in order to analyze the long-time behavior of certain quasilinear parabolic equations. Saint- 
Raymond [21] uses the relative entropy method to study the incompressible Euler limit of the Boltzmann 
equation. Other applications of the method can be found in Grenier [TT] , Masmoudi [TB] , Ukai [51] , Wang 
and Jiang [25J, among others. 

Germain [TU] introduced a class of (weak) solutions to the compressible Navier-Stokes system satisfying 
a relative entropy inequality with respect to a (hypothetical) strong solution of the same problem, and 
established the weak-strong uniqueness property within this class. Unfortunately, existence of solutions 
belonging to this class, where, in particular, the density possesses a spatial gradient in a suitable Lebesgue 
space, is not known. In [7J, we introduced the concept of suitable weak solution for the compressible 
Navier-Stokes system, satisfying a general relative entropy inequality with respect to any sufficiently 
regular pair of functions. To be more specific, consider the fluid density g — g(t,x), together with the 
velocity field u = u(t, x), t E R, x 6 ft C R 3 , the time evolution of which is governed by the Navier-Stokes 
system: 

d t g + div x (gu) = 0, 



d t {gu) + div x (gu ® u) + V x p(g) = div x §,(\7 x u) + gf, 
§ = ^(v x u + V^,u - |div x ul) + t]div x vl, (J, > 0, rj > 0, 
supplemented with suitable boundary conditions, say, 

u|an = 0. 

If the domain is unbounded, we prescribe the far-field behavior: 

g — > ~g, u — > as |x| — > oo, 

where g > 0. 

Relative entropy £[ [g, u] [r, U] ) with respect to [r, U] is defined as 



-g\u - U| 2 + H(q) - H'(r)(g - r) - H{r) dx 



(1.1) 
(1.2) 

(1.3) 
(1.4) 
(1.5) 



'([ftu]|[r,U] 



where 



H(g) = g 



p(z) 



dz. 



(1.6) 



(1.7) 



Following [7j, we say that g, u is a suitable weak solution to problem (jl.ll - UTS"]) if equations (jl.llll.3|) 
are satisfied in a weak sense, and, in addition to (jl.ll - UTS"]) , the following (relative) energy inequality 



holds for a. a. r > 0, where 



£([ e ,u]|[r,U])(r) + ^ T ^(§(V ;c u)-§(V ;c U)) : (v.u-V.u) dx dt 
<f([po,uo]|[r(0,-),U(0,-)])+ J o ftG?,u,r,U)df 

eo = 9(0, ■), u = u(o, •), 



(1.8) 
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and the remainder 1Z reads 



K (g, u, r, U) = j g(d t V + uV.uj • (U - u) dx (1.9) 

+ f S(V X U) : V X (U - u) dx + f gf • (u - U) da; 
Jn Jn 

((r - Q)dtH\r) + V x H'(r) ■ (rU - gu)) da; - / div x u(p(f?) - p(r)) dx. 



Here, the functions r, U are arbitrary smooth, r strictly positive, and U satisfying the no-slip boundary 
conditions (|1.4I) . It is easy to check that (|1.8I) is satisfied as an equality as soon as the solution g, u is 
smooth enough. 

As shown in [7J Theorem 3.1], the Navier-Stokes system (jl.ll - [T75|) admits global-in-time suitable 
weak solutions for any finite energy initial data. Moreover, the relative energy inequality (ll.8[) can be 
used to show that suitable weak solutions comply with the weak-strong uniqueness principle, meaning, a 
weak and strong solution emanating from the same initial data coincide as long as the latter exists. This 
can be seen by taking the strong solution as the "test" functions r, U in the relative entropy inequality 
(|1.8p . Besides, a number of other interesting properties of the suitable weak solutions can be deduced, 
see [7J Section 4]. 

For the particular choice r = ~g, U = 0, the relative energy inequality (|1.8|) reduces to the standard 
energy inequality 

£[q,u](t)+ [ [ §(VxU) : V a u dx dt < £[g ,u ] + [ [ gt ■ u da; dt for a.a. r > 0, (1.10) 
Jo Jn Jo Jn 

£[q, u] = jf Q e |u| 2 + H(g) - H'(g) (g-g)- Hffl) dx. 

The weak solutions of the Navier-Stokes system satisfying, in addition, the energy inequality (jl.101) are 
usually termed finite energy weak solutions, or, rather incorrectly, turbulent solutions in the sense of 
Leray's original work [T4] . 

Our goal in this paper is to show that any finite energy weak solution is in fact a suitable weak 
solution, in other words, the standard energy inequality (|1.10p implies the relative energy inequality 
(|1.8p . In particular, the weak-strong uniqueness property as well as other results shown in 7 hold for the 
seemingly larger class of finite energy solutions. This observation extends easily to other types of boundary 
conditions and to a large class of domains. This kind of result can be viewed as an extension of the seminal 
work of Prodi [20] and Serrin [22] (see also Germain [9] for more recent results) to the compressible 
Navier-Stokes system. We provide an ultimate answer to the weak-strong uniqueness problem intimately 
related to the fundamental questions of the well-posedness for the compressible Navier-Stokes equations 
addressed by several authors, Desjardin [4], Germain [10], Hoff [12], [13], among others. 

The paper is organized as follows. In Section [2] we provide an exact definition of finite energy weak 
solutions and state the main result. Section[3]is devoted to the proof of the main theorem and to possible 
extensions. Applications are discussed in Section SJ 
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2 Main results 

For the sake of simplicity, we assume that the pressure p = p(g) is a continuously differentiable function 
of the density such that 

p G C[0,oo)nC 2 (0,oo), p(Q) = 0, p'{g) > for all £ > 0, lim = a > for a certain 7 > 3/2. (2.1) 

Moreover, if ~g = 0, we suppose that p becomes asymptotically small for g — > so that the function H 
defined in (|1.7|) is finite for any g > 0. 

2.1 Finite energy weak solutions to the Navier-Stokes system 
Definition [Hi 

We shall say that g, u is a finite energy weak solution to the Navier-Stokes system 11. 1\ - 11.51) emanating 
from the initial data go, Uo if 

g-ge L°°(0,T;L 2 + V (St)), g> a.a. in (0,T) x SI); (2.2) 

ueL 2 (0,T;^' 2 (r!;i? 3 )); (2.3) 

gu G L°°(0, T; L 2 + L 2 ~<l^ +1 \Sl; R 3 )); (2.4) 

p E Ll c ([0,T] x SI); (2.5) 

• (g ~ ~g) S C woa k([0, T]; L 2 + L 7 (f2)) and f/ie integral identity 

/ £>(r, -)^(r, •) dx - / g o ip{0,-) dx = / / ( gd t ip + gu ■ V x <p) dx dt (2.6) 
Jn Jn Jo Jn K ' 

holds for any ip G C c °°([0,T] x O); 

• gue(7 wcak ([0,r];L 2 +L 2 ^ +1 '(fi;B 3 )) and the integral identity 

qu(t, •) ■ <p(r, ■) dx- / g Q u ■ tp(Q, ■) dx (2.7) 



= J J (^gu ■ dt<p + (gu ® u) : V x </? + p(£)div x <^ — §(V K u) : V x ip + gi ■ tpj dx dt 

is satisfied for any <p G C£°([0, T] x SI; R 3 ); 
• i/ie energy inequality 

(^g\u\ 2 + H{g) - H'{g){g -g)- H(g)^j (r, •) dx + J J §(V a u) : V x u dx dt 

< {^go\u \ 2 + H(g ) - H'(g)(g -g)- H(g)) dx + J J^gi-udxdt 
holds for a.a. r £ [0,T]. 



(2.8) 
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Remark [2}l We recall that the space £>Q' 2 (f2) is defined as a completion o/C^°(0) with respect to 
the I? — norm of the gradient. In accordance with Sobolev's inequality, 

D l Q 2 {n) c L 6 (n), 

see Galdi 

Remark [2}2 In (2.8\) , we tacitly assume that the initial data are chosen in such a way that the first 
integral on the right hand side is finite. 

2.2 Finite energy weak solutions satisfy the relative energy inequality 

Our main result reads as follows: 

Theorem 2.1 Let fl C R be a domain. Suppose that the pressure p satisfies hypothesis A2.1\ ), 

ferfo.r^'nrfn^ 3 )), 

and that ~g > 0. Let g, u be a finite energy weak solution to the Navier- Stokes system - 1 1 . 5)) in the 
sense specified in Section \2.1[ 

Then g, u satisfy the relative energy inequality U.8]) for any U £ C£°([0, T] x f2;i? 3 ) ; and r > 0, 
r-Q€C^([0,T]xQ). 

The proof and several extensions of Theorem 12.11 are presented in Section |3] Applications will be 
discussed in Section 01 

3 Proof of the main result 
3.1 Proof of Theorem [231 

Take U as a test function in the momentum equation (|2.7p to obtain 

/ gu( T> •) • U(r, •) dx = f g u • U(0, •) da; (3.1) 
Jn Jn 

Similarly, we can use the scalar quantity ^|U| 2 as a test function in (|2.6p : 

/ \g(r, -)|U| 2 (r, •) dx = f ^o|U(0, -)\ 2 dx + f f (q\J ■ d t XJ + gu ■ V X U ■ u) dx dt. (3.2) 
Jn z Jn 1 Jo Jn v ' 

Finally, we test ((HJ on H'(r) - H'(g) to get 

[ Q {T,-)(H'{r){T,-)-H'{Q)) dx= f e JH'{r){Q,-)-H'{Q)) dx (3.3) 

+ J J (gd t H'{r) + gu ■ W x H'(rfj dx dt. 
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Summing up relations (|3.1I - 1575]) with the energy inequality (|2.8[) . we infer that 

jf Qg|u - U| 2 + - (tf'(r)e - H'(~g)g^ \ (r, •) da; (3.4) 

+ / X ( §(Vxu) ~ § ( v - u )) : ( v - u - v - u ) ^ d * 

= J Qeo|uo - u(o, -)| 2 + ff(eo) - (#>((), .))eo - ff'tete)) dx 

+ J J £>(ftU + gu ■ V K U) • (U - u) da; dt 

+ [ [ S(V X U) : V K (U - u) da; + f gf ■ {u - U) da; dt 
Jo Jn Jn 

-I [ (gd t H'(r) + gu ■ V x H'(r)) dx dt - [ f p(g)div x U dx dt. 
Jo Jn * ' Jn 

Realizing that 

H'(r)r - H(r) - H'(g)g = p(r) - p(g), 

we compute 

jf (p(r) - P (g)) (r, ■) dx - J (p(r) - p(g)) (0, •) dx = J d t p(r) dx dt; 

whence, by virtue of the identity 

f (rdtH'(r)+rV x H'(r)-XJ+p(r)div x U) dx = [ d t p(r) dx, (3.5) 
Jn Jn 

relation (|3.4p implies (| 1 . 8[) . Theorem 12.11 has been proved. Note that (I3.5[) relies on the fact that 
U • n\ dn = 0. 

3.2 Possible extensions 



The conclusion of Theorem l2.1l can be extended in several directions. Here, we shortly discuss the problem 
of an alternative choice of boundary conditions as well as the class of admissible test functions r, U. 

3.2.1 General slip boundary conditions with friction 

Similar result can be obtained provided the no-slip boundary condition (|1.4[) is replaced by the slip 
boundary conditions with friction (Navier's boundary condition) 

u • n = 0, (§(V x u)n) tan + /3u tan = on (0, T) x dSl, (3.6) 

where j3 > and v ta n|asi = (v — (v • n)n)|an denotes the tangential componenet of a vector field v at 
the boundary. Note that the so-called complete slip boundary conditions correspond to the particular 
sitution (3 = 0. 

The definition of finite energy weak solutions is similar to Section [2.1l with the following modifications: 
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• the spatial domain f2 possesses a Lipschitz boundary, where (12.31) is replaced by the requirement 
u e L 2 (0,T;D^ 2 (n;R 3 )), with 

££ 2 (Q; i? 3 ) = {v e Lf oc (H; i? 3 ) | V B v 6 L 2 (f>; i? 3x3 ), v • n| a n = o} ; 

• the pressure satisfies 

p(g)€Ll c ([0,T]xU) (3.7) 

instead of (12.51); 



(3.8) 



• the weak formulation of the momentum equation (12.61) has to be replaced by 

J J (^gu ■ dt<p + g{u ® u) : V x tp + p(g)div x ipj dx dt 

nS(V^u) : V x ip dx dt - (3 [ [ u ipdS dt 
.1 JO JdCl 

ng{ ■ ip dx dt + / (gu)(r) ■ tp(r, •) da; — / f?o u o ■ <^(0, •) dx 
a Jn Jn 

for all r 6 [0, T], for any test function ip e C c °°([0, T] x H; R 3 ), ip ■ n = on [0, T] x 90; 

• energy inequality (12.71) is replaced by 



< 



J Qg|u| 2 + H{g) - H'(g)(g -g) - H(g))(r r )\ (r, •) dx (3.9) 

+ / / S(V x u) : V x u dxdt + P [ [ |u| 2 dS dt 
Jo Jn Jo Jan 

J J^gf-udxdt+J^ Qffoluol 2 + H(go) - H'(q)(qo -g) - H(g)){T,-)j dx for a.a. r G (0,T). 

In this case, the conclusion of Theorem 12.11 remains valid for any couple (r, U) such that 

r- i£ C*([0,T] xfi), UeC c °°([0,T] xfi;i? 3 ), U • n| an = (3.10) 
with the relative entropy inequality that reads 

S([g,u}\[r,XJ])(r,-) (3.11) 

+ / f [S(V a u- V a U)] : V x (u-U) dxdi + /3 / / |u - U| 2 dSdt 
Jo Jo Jo Jan 

<£([ft,,u ] [r(0),U(0))(r)+ / ft( e ,u,r,U) dt for a.a. r e (0, T), 

Jo 

1l(g,u,r,XJ)= [ gf-(u-XJ) dx- [ [ U • (u - U)dSdt (3.12) 
Jn Jo Jen 

+ J ( e (d t V + u • V,U) • (U - u) - S(V 1 .U) : V x (u - U)) da; 
+ J ((r - g)d t H\r) + V x H'(r) ■ (rU - go) - div x V (p(g) - p(r)) ) da;. 



where 
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3.2.2 Extending the admissible class of test functions 

Using density arguments we can extend considerably the class of test functions r, U appearing in the 
relative energy inequality (11.81) resp. p. 111) . Indeed: 

• For the left hand side (|1.8I) resp. (|3.11[) to be well defined, the functions r, U must belong at least 
to the class 

r-geC wcak ([0,T];L 2 + P((])), (3.13) 
Ue L 2 (0,T;W h2 (Q]R 3 )). (3.14) 

• A short inspection (|1.9[) resp. (I3.12j) implies that the integrals are well-defined if, at least, 

<9 t U G L 2 (0, T; L 3 n L 6 ^^^ (O, R 3 )) + L 1 (0, T; L 4/3 n L 27 ^ 7 " 1 ) (fi, i? 3 )), (3.15) 

V X U S £°°(0, T; i 6 n i 37 /( 27 - 3 )(0, i? 3x3 )) + L 2 (0, T; L 12 / 7 n i 67 ^ 7 " 3 ^, R 3x3 )) (3.16) 

+L 1 (0,T;i oo (O; J R 3 )), 
divU e L^O.TjL"^)), (3.17) 

• The function r must be bounded below away from zero, and 

9 t F'(r) eL 1 (0,r ; P /(7 - 1) nL 2 (!l)), (3.18) 
V x ir'(r) e L 2 (0, T; L 3 n L 67 /( 57 - 6 )(fi, i? 3 )) + L\Q, T; L 4 / 3 n L 27 ^ 7_1 ^(n, i? 3 )). (3.19) 

• Finally, the vector field U has to satisfy 

U|an = in the case of boundary conditions (|1.4I) . 

(3.20) 

U • n|an = in the case of boundary conditions (|3.6[) . 

Consequently, Theorem 1 2. II is valid even if we replace the hypotheses on smoothness and integrability 
of the test functions (r, U) by weaker hypotheses, namely (|3. 131 13~20")) . 

In particular, r, U may be another (strong) solution emanating from the same initial data go, uo. 
Specific examples will be discussed in the forthcoming section. 

4 Applications 

In this section, we show how Theorem 12.11 can be applied in order to establish weak-strong uniqueness 
property for the compressible Navier-Stokes system in the class of finite energy weak solutions in bounded 
and unbounded domains. Other applications can be found in [7]. 
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4.1 Weak-strong uniqueness on bounded domains 
4.1.1 No-slip boundary conditions 

To begin, observe that any finite energy weak solution g, u of the compressible Navier-Stokes system (jl.ll 
- II. 4p in (0, T) x f2, where f2 is a bounded domain, belongs to the class 

Q G Cwcak([0, T]; LT(fi)), e C woak ([0, T]; L 2 ^ +1 )(f>; J? 3 )), u 6 L 2 (0, T; W^O; i? 3 )), 

and, by virtue of the energy inequality (|2.8I) . 

p(g)eL°°(0,T;L\n)). 

Moreover, it is easy to check that 

!(g - r) 2 for r/2 < g < 2r, 
(4-1) 
(1 + f? 7 ) otherwise 

where c(r) is uniformly bounded for r belonging to compact sets in (0, oc). 

Finally, note that, since the total mass is a conserved quantity on a bounded domain, we can take ~g 
in <fTT7|) so that 

/ (f? — 5) = 0. 

The rather obvious leading idea of the proof of weak-strong uniqueness is to take r = g, U = u in 
the relative energy inequality (|1.8p , where g, u is a (hypothetical) regular solution, originating from the 
same initial data. The following formal computations will require certain smoothness of g, u specified 
in the concluding theorem. Moreover, we assume that g is bounded below away from zero on the whole 
compact time interval [0,T]. 

Our goal is to examine all terms in the remainder (II .9[) and to show they can be "absorbed" by the 
left-hand side of (|1.8|) by means of a Gronwall type argument. 

1. We rewrite 

J g(d t u + u- V x uj ■ (u — u) da; = J g(d t u + u • V x uj ■ (u — u) dx + J g(u — u) ■ V a u- (u — u) da;. 
Seeing that 

d t u + u • V x u = ^div^SCV^u) + f - V x H'(g), 
Q 

we go back to (|1.9p to obtain 

TZ(g, u, g, u) = f g(u — u) • V x u • (u — u) da; + f -: {g — g) div x E(\7 x u) • (u — u) da; 
Jn Jn Q 

+ j^g-g){d t H'{g)+V x H'{g)-v^ dx - J div x u(p(g) - p(g)) dx. 
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2. Computing 

(g - g)(d t H'(g) + V x H'{~g) • u) = -&iv x u{g - g)p'(g), 

we may infer that 

f ie - Q) (d t H'(g) + V x H'{~g) • u) dx - f div x u(p(g) - p(g)) dx 

= - f dw x ii(p(g) - p'(g)(g - g) - p(gfj dx; 

whence 

U(g,u, g,u)= / g(u - u) • V x ii • (u - u) da; - / div x u( p(g) - p'{g){g - g) - p(g) ) dx (4.2) 
Jn Jn v 7 

+ / - — g) div x §(V x ii) • (u — u) da;. 
Jn e 

3. In view of (|4.1j) . we have 

^ g(u - u) • \7 x ii • (u - u) da; - f div x ii(p(g) - p'(g)(g - g) - p{g)^j dx (4.3) 

< c||V s u|| L oo (n . fl 3)£f [g,u] [g,u}\ 



provided 



4. Finally, we write 



< inf _g < g(t,x) < sup g < oo. 

[0,T)xn [0,T]xS 



[ -(q-q) div x §(V x u) ■ (u - u) da; 
Jn Q 

~(g-g) div x S(V x u) ■ (u - u) da; 

{q/Kq<2q} Q 



(4.4) 



+ 



/ -{Q-Q) div x §(V x u) • (u - u) da: + / 4 (e - £?) div x §(V x ii) • (u - u) da;, 



'{0< e <e/2} Q 
where, by virtue of Holder's inequality, 



1 



~(g-g) div 2 .S(V 2 ,u) ■ (u - u) da; 

{g/2<g<2g} Q 



(4.5) 



<c(S) 
for any 5 > 0. 



— div-E^CV^ti) 



L3(0;fl3) ^{e/2< e <2e} 



(g - £) 2 da; + 5\\u - u" 2 



L a (n-B. 3 ) 
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Furthermore, in accordance with (|4.ip . we get 

/ (Q- of da: < c£[[g,u] [g,u] 

J{g/2<g<2g} K 

while, by virtue of Sobolev's inequality and Korn-type inequality (see e.g. Dain [3]) 

||z||i )2 < c||S(V :c z)|| L2(n;fl 3x3 ) , z e V^ 2 (fi;i? 3 ), 



we have 



Therefore, 



1" - u \\h(n;R3) < cIlV^u - V x u||| 3(n . fl8 xs ) < c||S(V x ii - V x u)||| 



L 2 (n;fi3X3). 



-(g-g) div x S(V x u) • (u - u) dx 

{o< e <e/2} Q 



< 



<c(S) 


-div x S(V x u) 


2 

£[[g,u] 


[f?, u]) 


+ (5||§(V x u 




Q 









li 2 (n;K3X3) 



for any S > 0. 
Next we realize that 

£(g,d\gj) e£°°(0,T) 

and that 

Hell 

Using these facts, we deduce 



l/ 7 



ll£ )7/2 ||L2({ e >2-}) <c £(q,&\q,$) 



1/2 



/{ e >2e} 



/ 4 (g - £>) div x S(V x u) • (u - u) dx 

Ji e >2e} Q 

max{g,^/ 2 }|div x S(V x u)| |(u-u)f) (r, •) dx 



{q>2q} 

g-g 



< 



(4.6) 

(4.7) 
(4.8) 



(4.9) 



c||S(V x ii - V 2; u)|| L 2 (n . fl 3x3 ) ||div a; S(V K u)|| L , ni 3 (0;fl 3 ) 
< <5||S(V x u- VxU\\h { n;B?)) + < 5 )l|div x S(V x u)|| 2 9nL3(n . fl3) £(g,tf\g,tf), <? = g 7 _ 6 - 

Summing up relations (|4.2I - 14.9[) we conclude that the relative entropy inequality, applied to r — g, 
U = u, yields the desired conclusion 

f([e,u]|[e,u])(r) < h(t)£(\g,u]\[Q,u])(t) at, with fte l^o.t), (4.10) 

provided p satisfies (|4.4|l . and 
V x u e ^(0, T; L°°(f7; i? 3x3 )) n i 2 (0, T; L 2 (ft; R 3x3 )), div x S(V x u) € L 2 (0, T; L 3 n L 9 (f7; i? 3 )), (4.11) 
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with 

67 

q - 



57 — 6 

We have shown the following result: 

Theorem 4.1 Let C i? 3 be a bounded Lipschitz domain, let the pressure p satisfy hypothesis Ii2.1\) , 
and let 

f e L^TjL 27 /^- 1 ^;^ 3 )). 

Assume that g, u is a finite energy weak solution to the Navier-Stokes system i U.il - \T7^ in (0,T) x fl, 
specified in Section \2.1[ Let g, u be a (strong) solution of the same problem belonging to the class 

< inf g < g(t,x) < sup g < 00, 
(o,T)xn (o,T)xn 

V.ge L 2 (0, T; L«(ft; i? 3 )), V 2 u € L 2 {0, T; L 9 (Q; i? 3x3x3 )), q > max (3 
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emanating from the same initial data. 
Then 

g = g, u = u in (0, T) x f2. 

Remark [4ll W^e need to 6e /eas< Lipschitz to guarantee the W x,v extension property, with the 
associated embedding relations. 

Remark [4l2 The reader will have noticed that the regularity properties required for g, u in Theorem 
\4-l\ are in fact stronger than 1 The reason is that all integrands appearing in the relative energy 
inequality il.8\) must be well defined. 

Remark [4j3 Existence of finite energy weak solutions was shown in JSj^ for general (finite energy) 
data and without any restriction on imposed on smoothness of dQ. 

Remark [4j4 Local-in-time existence of strong solutions belonging to the regularity class specified in 
Theorem \4.1\ was proved by Sun, Wang, and Zhang under natural restrictions imposed on the initial 
data. 

4.1.2 Navier boundary conditions with friction 

Theorem 14. II holds in the case of Navier's boundary condition (|3.6[) . The proof remains basically without 
changes; the standard Korn-type inequality (14. 7[) has to be replaced by a more sophisticated one, namely 



h\\w^{n,B?) < c( M , K >P){\\HVxv)\\l 2{nR3x3) + ||i?v 2 || il(0) 
for any v € W 1 ' 2 ^; R 3 ), R > 0, M < J n Rdx, \\R\\ L p(q) < K 



(4.12) 



where M,K > 0, p > 1 (see [5J Theorem 10.17]). It is employed in estimate (|4.8p with v = u u and 
R = g. 
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4.2 Weak strong uniqueness on unbounded domains 
4.2.1 No-slip boundary conditions 

If the Navier-Stokes system is considered on an unbounded domain il, the far-field behavior (|1.5p must 
be specified. Here, we assume that ~g > so that the density g of the (hypothetical) strong solution may 
be bounded below away from zero. Moreover, the finite energy weak solutions necessarily belong to the 
class: 

g-geL^iO, T; L 2 + L?(fi)), p(g) - p(g) G i°°(0, T; L 2 + L\n)), (4.13) 
u G L 2 (0, T; W 1,2 (fi; i? 3 )), gu G L°°(0, T; L 2 + L 2 ^ +1 )(0; i? 3 )). (4.14) 
An appropriate modification of Theorem 14. 1 1 for unbounded domains reads: 

Theorem 4.2 Let Q C i? 3 be an unbounded domain with a uniformly Lipschitz boundary, let the pressure 
p satisfy hypothesis \2.1]) , and let 

feL^o.TiL'nl 00 ^^)). 

Assume that g, u is a finite energy weak solution to the Navier-Stokes system i U.il - \T7^ in (0, T) x f2, 
specified in Section \ 2.1l satisfying the far- field boundary conditions il.5\) , with ~g > 0. Let g, u be a 
(strong) solution of the same problem belonging to the class 

< inf g < g(t,x) < sup g < oo. 
(o,T)xn (o,T)xn 

V,gG L 2 (0, T; L 2 n L 9 (fi; R 3 )), V 2 x u G L 2 (0, T; L 2 n L 9 (fi; i? 3x3x3 )), g > max S^3; ^ 

emanating from the same initial data, and satisfying the energy inequality lil.l(J\) . 
Then 

g = g, u = u in (0, T) x O. 

Remark [4j5 The uniformly Lipschitz boundary dfl guarantees the W 1,p - extension property as well 
as validity of Korn's inequality |^.7| ). 

Remark|4l6 Since the strong solution satisfies the energy (in)equality M.10\) , it automatically belongs 
to the regularity class {4- 13ty , fr4-14ty - 

Remark [4l 7 Existence of finite energy weak solutions for certain classes of unbounded domains was 
shown in \1 9]j . see also Lions J15f . 

Remark [4l8 The reader may consult the nowadays classical papers by Matsumura and Nishida 1171, 
U8]/ for the existence of strong solutions, more recent results can be found in Cho, Choe and Kim f^, and 
in the references cited therein. 
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4.2.2 Navier boundary conditions 

Theorem 14.21 remains valid also for the Navier boundary conditions. We have however suppose that on 
the considered unbounded domain a sort of Korn type inequality holds, for example 



llvll^i-wa) ^ C ^D (JI § ( V * v )lMn ; *3) + W\ Z dxj , (4.15) 

for any v E W h2 (fl), \V\ < oo. 

Such inequality is known to hold in a half space, an exterior domain, a cylinder, a plane slab, to name 
only a few. 
Since 

{\Q-Q\ > g/2}\ < oo, 

inequality (|4. 1 5[) implies the validity of (14. 12)) with v = u u and R = g. This inequality has to replace 
the standard Korn's inequality (|4.7I) in estimate (|4.B|) . Other arguments in the proof remain without 
changes. 
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